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Morfèc apodeÐxewn

Up�rqoun poll� eÐdh apodeÐxewn. Ed¸ ja doÔme ta pio koin�:

Exantlhtik  mèjodoc   mèjodoc episkìphshc. 'Otan to prìblhma

èqei peperasmèno arijmì peript¸sewn, tic exet�zoume ìlec.

Majhmatik  epagwg . 'Estw mia prìtash P(n) pou isqÔei gia

n = 1. An h P(n) sunep�getai thn P(n + 1), tìte h prìtash isqÔei

gia ìlouc touc fusikoÔc.

Anadromik  epagwg . Epagwg  ìqi stouc fusikoÔc arijmoÔc

all� se mia dom  pou orÐzetai anadromik�.
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Morfèc apodeÐxewn (sunèqeia)

Kataskeuastik  apìdeixh Ôparxhc. DeÐqnoume thn Ôparxh enìc

stoiqeÐou dÐnontac èna algìrijmo pou to par�gei. Sthn idÐa

kathgorÐa an kei kai h apìdeixh me antipar�deigma.

Mh kataskeuastik  apìdeixh Ôparxhc. Tètoiec apodeÐxeic
qrhsimopoioÔn

την αρχή του περιστερώνα και τις γενικεύσεις του

κατάλληλη καταμέτρηση

την πιθανοτική μέθοδο που βασίζεται στο ότι ένα στοιχείο υπάρχει

όταν έχει μη μηδενική πιθανότητα ύπαρξης.

την διαγωνιοποίηση του Cantor.
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Par�deigma: 'Ajroisma kÔbwn

Up�rqei fusikìc akèraioc pou mporeÐ na grafeÐ me dÔo

diaforetikoÔc trìpouc san �jroisma duo kÔbwn?

IsodÔnama, up�rqoun duo diaforetik� zeÔgh fusik¸n arijm¸n

{a1, b1} kai {a2, b2} me a31 + b31 = a32 + b32?

O 1729 mporeÐ na grafeÐ san 13 + 123 kai san 93 + 103.
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Kataskeuastikèc   'Oqi?

Genik� oi apodeÐxeic Ôparxhc qwrÐzontai se duo meg�lec kathgorÐec:

Kataskeuastikèc apodeÐxeic, stic opoÐec h apìdeixh eÐte dÐnei to
stoiqeÐo pou èqei thn apaitoÔmenh idiìthta eÐte dÐnei èna
algìrijmo pou par�gei èna tètoio stoiqeÐo.

Παράδειγμα: Υπάρχει ακέραιος που γράφεται με δυο τρόπους σαν

άθροισμα δυο κύβων. Η απόδειξη 1729 = 13 + 123 = 93 + 103 είναι
κατασκευαστική.

Mh kataskeuastikèc apodeÐxeic, stic opoÐec deÐqnoume ìti to

stoiqeÐo up�rqei, all� oÔte to stoiqeÐo dÐnetai oÔte algìrijmoc

pou na to par�gei.
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Par�deigma mh Kataskeuastik c Apìdeixhc

PARADEIGMA

Na deiqteÐ ìti up�rqoun �rrhtoi x kai y tètoioi ¸ste o xy eÐnai rhtìc.
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Apìdeixh.

EÐte oi x1 =
√
2, y1 =

√
2 èqoun thn idiìthta eÐte oi x2 =

√
2
√
2
,

y2 =
√
2 thn èqoun.

GiatÐ? xy11 = x2 kai xy22 = 2. An x2 eÐnai rhtìc tìte to pr¸to

zeug�ri èqei thn idiìthta, diaforetik� to deÔtero zeug�ri thn èqei.

H apìdeixh eÐnai mh kataskeuastik  giatÐ den mac lèei poia x kai

y èqoun thn idiìthta.
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Mègistoc koinìc diairèthc

O diaqwrismìc se kataskeuastikèc apodeÐxeic   mh den eÐnai

austhrìc.

Ja doÔme èna par�deigma duo apodeÐxewn tou idÐou jewr matoc,

mia kataskeuastik  kai mia mh kataskeuastik .

Je¸rhma

'Estw a kai b duo akèraioi me mègisto koinì diairèth δ. Tìte up�rqoun
akèraioi x kai y tètoioi ¸ste ax + by = δ.

PARADEIGMA

a = 13 b = 16 gcd(a, b) = 1 x = 5 y = −4
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Algìrijmoc tou EukleÐdh
O Algìrijmoc tou EukleÐdh brÐskei to mègisto koinì diairèth duo arijm¸n.

Algìrijmoc tou EukleÐdh

1: function Euclid(a, b) . Upojètoume ìti a > b
2: if b = 0 then
3: return a . gcd(a, 0) = a
4: else
5: δ ← Euclid(b, a mod b) . gcd(a, b) = gcd(b, a mod a)
6: return δ
7: end if
8: end function

gcd(a, b) =

{
a an b = 0

gcd(b, a mod b) an b > 0.
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Genikeumènoc Algìrijmoc tou EukleÐdh
Me mikrèc allagèc o algìrijmoc epistrèfei kat�llhla x kai y .

Genikeumènoc Algìrijmoc tou EukleÐdh

1: function Euclid(a, b) . Upojètoume ìti a > b
2: if b = 0 then
3: return (a, 1, 0) . a · 1 + b · 0 = a
4: else
5: (δ, x ′, y ′)← Euclid(b, a mod b) . b · x ′ + (a mod b) · y ′ = δ
6: return (δ, y ′, x ′ − b abcy

′) . x = y ′, y = x ′ − b abcy
′)

7: end if
8: end function

δ =bx ′ + (a mod b)y ′ = bx ′ + (a− bba
b
c)y ′

=ay ′ + b(x ′ − ba
b
cy ′).
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Mh kataskeuastik  apìdeixh

Ja d¸soume t¸ra mia mh kataskeuastik  apìdeixh mìno gia thn

perÐptwsh δ = 1. Apì aut  prokÔptei h genik  perÐptwsh.

Ousiastik� ja deÐxoume ìti up�rqei y tètoio ¸ste by = 1 (mod a).

JewroÔme touc arijmoÔc by − 1 (mod a) gia y = 1, . . . , a.

'Oloi autoÐ oi a arijmoÐ eÐnai diaforetikoÐ metaxÔ touc.

An koun sto {0, . . . , a− 1}. 'Ara k�poioc apì autoÔc eÐnai Ðsoc me

0.

H apìdeixh eÐnai mh kataskeuastik  giatÐ den mac dÐnei tropo na

broÔme to y , ektìc apì to na dokim�soume ìlec tic timèc 1, . . . , a.
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Arq  tou Perister¸na

Pollèc mh kataskeuastikèc apodeÐxeic Ôparxhc basÐzontai sto

Je¸rhma (Arq  tou Perister¸na)

Me opoiond pote trìpo na topojet soume n peristèria se n− 1 fwlièc,

ja up�rqei p�nta mia toul�qiston fwli� me 2 toul�qiston peristèria.

PARADEIGMA

An èqoume n+ 1 fusikoÔc arijmoÔc pou an koun sto di�sthma 1, . . . , n,
tìte duo toul�qiston apì touc arijmoÔc eÐnai Ðsoi. Ed¸ ta �peristèria�

eÐnai oi arijmoÐ kai oi �fwlièc� oi arijmoÐ 1, . . . , n.
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Arq  tou Perister¸na

Merikèc forèc qrhsimopoioÔme thn pio genik  morf :

Je¸rhma (Arq  tou Perister¸na)

Me opoiond pote trìpo na topojet soume n peristèria se m fwlièc, ja

up�rqei p�nta mia toul�qiston fwli� me dn/me toul�qiston
peristèria.

PARADEIGMA

Se k�je om�da 13 atìmwn ja up�rqoun duo pou genn jhkan ton Ðdio

mhna.

PARADEIGMA

Se k�je om�da 100 atìmwn ja up�rqoun toul�qiston 9 (= d100/12e)
pou genn jhkan ton Ðdio m na.
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Efarmogèc thc Arq c tou Perister¸na

Prìtash

K�je fusikìc arijmìc n èqei èna akèraio pollapl�sio pou h dekadik 

tou par�stash apoteleÐtai apì mia seir� apì 1 akoloujoÔmenh apì

mia seir� apì 0, eÐnai dhlad  thc morf c 11 . . . 100 . . . 0.

PARADEIGMA

Gia n = 12 up�rqei pollapl�sio aut c thc morf c: 11100 = 12 · 925.

Apìdeixh.

Ac jewr soume touc n + 1 arijmoÔc 1, 11, 111, . . ., 11 . . . 1 kai ta

upìloipa touc mod n.
Ta upìloipa an koun sto {0, . . . , n − 1}, �ra apì thn Arq  tou

Perister¸na duo apì touc arijmoÔc èqoun to Ðdio upìloipo. H diafor�

touc eÐnai pollapl�sio tou n.
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Monìtonec upoakoloujÐec

'Estw mia akoloujÐa arijm¸n, p.q. 6,2,4,3,7,5.

K�je akoloujÐa pou prokÔptei ìtan agno soume mhdèn  

perissìtera ìrouc thc akoloujÐac lègetai upoakoloujÐa.

Par�deigma: 6,4,3,5.

Mia akoloujÐa lègetai monìtonh an eÐnai eÐte aÔxousa eÐte

fjÐnousa. Gia par�deigma, h 6,4,3 eÐnai monìtonh, h 6,4,7 den eÐnai

monìtonh.

Je¸rhma

K�je akoloujÐa pragmatik¸n arijm¸n me n2 + 1 stoiqeÐa èqei mia

monìtonh upoakoloujÐa me n + 1 stoiqeÐa.
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Monìtonec upoakoloujÐec

'Estw t1, . . . , tn2+1 mia akoloujÐa. Par�deigma: 5,3,4,1,2.

OrÐzoume wc αi na eÐnai to m koc thc makrÔterhc aÔxousac

upoakoloujÐac me teleutaÐo stoiqeÐo to ti . Par�deigma: α2 = 1,
α3 = 2.

OrÐzoume wc φi na eÐnai to m koc thc makrÔterhc fjÐnousac

upoakoloujÐac me teleutaÐo stoiqeÐo to ti . Par�deigma: φ2 = 2,
φ4 = 3.

An ti ≤ tj gia i < j , tìte αi + 1 ≤ αj . Par�deigma: 3 < 4, �ra
α2 + 1 ≤ α3.

An ti ≥ tj gia i < j , tìte φi + 1 ≤ φj . Par�deigma: 3 > 1, �ra
φ2 + 1 ≤ φ4.
Ara, ta zeÔgh (αi , φi ) eÐnai ìla diaforetik�.

An k�je αi kai φi eÐnai to polÔ n, tìte up�rqoun n2 + 1 zeÔgh

(αi , φi ) pou paÐrnoun tic n2 timèc (1, 1), . . . , (n, n).

Apì thn Arq  tou Perister¸na duo apì ta zeÔgh eÐnai Ðdia, �topo.
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Prosèggish arr twn me rhtoÔc

o arijmìc π mporeÐ proseggisteÐ san

3

1
,

31

10
,

314

100
,

3141

1000
, . . .

Up�rqei kalÔterh prosèggish me �llouc paronomastèc (ìqi

aparaÐthta dun�meic tou 10)?

Nai. 22/7 = 3.1428 . . .   akìma kalÔtera 355/113 = 3.141592 . . .

'Estw θ ènac �rrhtoc arijmìc kai m ènac fusikìc arijmìc; pìso

kal� mporoÔme na proseggÐsoume ton θ me kl�smata twn opoÐwn

o paronomast c eÐnai to polÔ m?
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Prosèggish arr tou me rhtoÔc

Je¸rhma (Dirichlet)

'Estw θ ènac pragmatikìc arijmìc. Tìte gia opoiod pote fusikì m,

up�rqoun akèraioi p kai q, me 1 ≤ q ≤ m, tètoioi ¸ste

|θ − p

q
| < 1

mq
.

Apìdeixh.

Ac p�roume ta akèraia pollapl�sia qθ, gia q = 0, 1, . . . ,m kai

ac jewr soume to dekadikì mèroc touc qθ − bqθc.

Gia par�deigma ta akèraia pollapl�sia tou
√
2 eÐnai 0, 1.41 . . .,

2.82 . . ., 4.24 . . . klp kai to dekadikì mèroc touc eÐnai 0, 0.41 . . .,
0.82 . . ., 0.24 . . . klp.

Oi arijmoÐ autoÐ eÐnai thc morf c qθ − p, ìpou q kai p = bqθc
eÐnai akèraioi.

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c Noèmbrioc 2011 18 / 23



Prosèggish arr tou me rhtoÔc

Je¸rhma (Dirichlet)

'Estw θ ènac pragmatikìc arijmìc. Tìte gia opoiod pote fusikì m,

up�rqoun akèraioi p kai q, me 1 ≤ q ≤ m, tètoioi ¸ste

|θ − p

q
| < 1

mq
.

Apìdeixh.

Ac p�roume ta akèraia pollapl�sia qθ, gia q = 0, 1, . . . ,m kai

ac jewr soume to dekadikì mèroc touc qθ − bqθc.
Gia par�deigma ta akèraia pollapl�sia tou

√
2 eÐnai 0, 1.41 . . .,

2.82 . . ., 4.24 . . . klp kai to dekadikì mèroc touc eÐnai 0, 0.41 . . .,
0.82 . . ., 0.24 . . . klp.

Oi arijmoÐ autoÐ eÐnai thc morf c qθ − p, ìpou q kai p = bqθc
eÐnai akèraioi.

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c Noèmbrioc 2011 18 / 23



Prosèggish arr tou me rhtoÔc

Je¸rhma (Dirichlet)

'Estw θ ènac pragmatikìc arijmìc. Tìte gia opoiod pote fusikì m,

up�rqoun akèraioi p kai q, me 1 ≤ q ≤ m, tètoioi ¸ste

|θ − p

q
| < 1

mq
.

Apìdeixh.

Ac p�roume ta akèraia pollapl�sia qθ, gia q = 0, 1, . . . ,m kai

ac jewr soume to dekadikì mèroc touc qθ − bqθc.
Gia par�deigma ta akèraia pollapl�sia tou

√
2 eÐnai 0, 1.41 . . .,

2.82 . . ., 4.24 . . . klp kai to dekadikì mèroc touc eÐnai 0, 0.41 . . .,
0.82 . . ., 0.24 . . . klp.

Oi arijmoÐ autoÐ eÐnai thc morf c qθ − p, ìpou q kai p = bqθc
eÐnai akèraioi.
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Prosèggish arr tou me rhtoÔc

Sunèqeia.

Gia q = 0, 1, . . . ,m up�rqoun m + 1 tètoioi arijmoÐ kai ìloi

brÐskontai sto di�sthma [0, 1).

An jewr soume touc arijmoÔc autoÔc wc peristèria kai ta

diast mata [0, 1/m), [1/m, 2/m), . . . , [(m − 1)/m, 1) wc fwlièc,

mporoÔme na efarmìsoume thn Arq  tou Perister¸na.

K�poia fwli� ja perièqei duo peristèria. 'Ara up�rqoun duo

arijmoÐ q1θ − p1 kai q2θ − p2 pou diafèroun ligìtero apì 1/m,

dhlad  |(q2 − q1)θ − (p2 − p1)| < 1/m.

Ac jèsoume q = q2 − q1 kai p = p2 − p1. Oi p kai q eÐnai akèraioi

sto di�sthma 1 ≤ q ≤ m.

|qθ − p| < 1/m⇒ |θ − p

q
| < 1

mq
.
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Kataskeuastik  prosèggish arr tou me rhtoÔc
Suneq  kl�smata

PARADEIGMA

√
2 = 1 +

1

2 +
1

2 +
1

2 + · · ·

π = 3 +
1

7 +
1

15 +
1

1 + · · ·

.

Prìtash

Ta suneq  kl�smata dÐnoun thn kalÔterh prosèggish arr tou apì

rhtoÔc ìtan mac endiafèrei na èqoume mikrì arijmht  kai

paronomast .
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Kataskeuastik  prosèggish arr tou me rhtoÔc

PARADEIGMA

√
2 ≈ 1
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Kataskeuastik  prosèggish arr tou me rhtoÔc

PARADEIGMA

√
2 ≈ 1

≈ 1 +
1

2
=

3

2
= 1.5

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c Noèmbrioc 2011 21 / 23



Kataskeuastik  prosèggish arr tou me rhtoÔc

PARADEIGMA

√
2 ≈ 1

≈ 1 +
1

2
=

3

2
= 1.5

≈ 1 +
1

2 +
1

2

=
7

5
= 1.4

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c Noèmbrioc 2011 21 / 23



Kataskeuastik  prosèggish arr tou me rhtoÔc

PARADEIGMA

√
2 ≈ 1

≈ 1 +
1

2
=

3

2
= 1.5

≈ 1 +
1

2 +
1

2

=
7

5
= 1.4

≈ 1 +
1

2 +
1

2 +
1

2

=
17

12
= 1.41667
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Prosèggish arr twn me koinì paronomsast 

Jèloume thn koin  prosèggish poll¸n �rrhtwn arijm¸n me rhtoÔc pou

na èqoun koinì paronomast  ¸ste na eÐnai eÔkolh h prìsjesh kai h

afaÐresh touc. Gia par�deigma, mia koin  prosèggish tou√
2 = 1.414 . . . kai tou

√
3 = 1.732 . . . eÐnai 7/5 = 1.4 kai 9/5 = 1.8,

antÐstoiqa.
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afaÐresh touc. Gia par�deigma, mia koin  prosèggish tou√
2 = 1.414 . . . kai tou

√
3 = 1.732 . . . eÐnai 7/5 = 1.4 kai 9/5 = 1.8,

antÐstoiqa.

Je¸rhma

'Estw θ1, . . . , θn pragmatikoÐ arijmoÐ. Tìte gia opoiod pote jetikì

akèraio m, up�rqoun akèraioi p1, . . . , pn kai q, me 1 ≤ q ≤ mn, tètoioi

¸ste

|θi −
pi
q
| < 1

mq

gia k�je i = 1, . . . , n.

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c Noèmbrioc 2011 22 / 23



Prosèggish arr twn me koinì paronomsast 

Jèloume thn koin  prosèggish poll¸n �rrhtwn arijm¸n me rhtoÔc pou

na èqoun koinì paronomast  ¸ste na eÐnai eÔkolh h prìsjesh kai h

afaÐresh touc. Gia par�deigma, mia koin  prosèggish tou√
2 = 1.414 . . . kai tou

√
3 = 1.732 . . . eÐnai 7/5 = 1.4 kai 9/5 = 1.8,

antÐstoiqa.

Je¸rhma

'Estw θ1, . . . , θn pragmatikoÐ arijmoÐ. Tìte gia opoiod pote jetikì

akèraio m, up�rqoun akèraioi p1, . . . , pn kai q, me 1 ≤ q ≤ mn, tètoioi

¸ste

|θi −
pi
q
| < 1

mq

gia k�je i = 1, . . . , n.

O mìnoc algìrijmoc pou èqoume gia na brÐskei tètoiouc pi kai q, eÐnai
na dokim�soume ìlec tic mn dunatèc timèc tou q.

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c Noèmbrioc 2011 22 / 23



'Alla mh kataskeuastik� jewr mata Ôparxhc

Je¸rhma Brouwer. Fixed point theorem.

Je¸rhma Nash sth JewrÐa PaignÐwn.

Je¸rhma Arrow-Debreu sta Oikonomik� Majhmatik�.
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