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Genikì pl�no

1 ApodeÐxeic
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Morfèc apodeÐxewn

Up�rqoun poll� eÐdh apodeÐxewn. Ed¸ ja doÔme ta pio koin�:

Exantlhtik  mèjodoc   mèjodoc episkìphshc. 'Otan to prìblhma

èqei peperasmèno arijmì peript¸sewn, tic exet�zoume ìlec.

Majhmatik  epagwg . 'Estw mia prìtash P(n) pou isqÔei gia

n = 1. An h P(n) sunep�getai thn P(n + 1), tìte h prìtash isqÔei

gia ìlouc touc fusikoÔc.

Anadromik  epagwg . Epagwg  ìqi stouc fusikoÔc arijmoÔc

all� se mia dom  pou orÐzetai anadromik�.
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Morfèc apodeÐxewn (sunèqeia)

Kataskeuastik  apìdeixh Ôparxhc. DeÐqnoume thn Ôparxh enìc

stoiqeÐou dÐnontac èna algìrijmo pou to par�gei. Sthn idÐa

kathgorÐa an kei kai h apìdeixh me antipar�deigma.

Mh kataskeuastik  apìdeixh Ôparxhc. Tètoiec apodeÐxeic
qrhsimopoioÔn

την αρχή του περιστερώνα και τις γενικεύσεις του

κατάλληλη καταμέτρηση

την πιθανοτική μέθοδο που βασίζεται στο ότι ένα στοιχείο υπάρχει

όταν έχει μη μηδενική πιθανότητα ύπαρξης.

την διαγωνιοποίηση του Cantor.
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Exantlhtik  mèjodoc

Se autì to eÐdoc apìdeixhc jewroÔme ìlec tic dunatèc peript¸seic

kai tic elègqoume ìlec. An o arijmìc twn peript¸sewn eÐnai

peperasmènoc (kai sqetik� mikrìc) tìte aut  eÐnai sun jwc h pio

kat�llhlh mèjodoc. S mera pou èqoume sth di�jesh mac isquroÔc

upologistèc, aut  h mèjodoc mporeÐ na qrhsimopoihjeÐ se poll�

probl mata.

Ac doÔme merik� paradeÐgmata tètoiwn apodeÐxewn.

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c 5 / 20



SkÔloc-katsÐka-qort�ri

'Enac boskìc èqei èna �grio skÔlo, mia katsÐka kai èna dem�ti

qort�ri kai jèlei na qrhsimopoi sei mia b�rka gia na diasqÐsei

èna pot�mi. To prìblhma eÐnai ìti h b�rka eÐnai mikr  kai qwr�ei

mìno to boskì kai èna apì ta 3 pr�gmata   z¸a pou jèlei na

metafèrei apènanti. Epiplèon o skÔloc ja f�ei thn katsÐka kai h

katsÐka to qort�ri an meÐnoun qwrÐc to boskì sthn Ðdia ìqjh.

Up�rqei lush?

Nai. MporoÔme na th broÔme an dokim�soume ìlouc touc

sunduasmoÔc.
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Sk�ki

Sta probl mata �Mat se 3 kin seic� mporoÔme na dokim�soume

ìlec tic peript¸seic.

EÐnai efikt� s mera ta probl mata thc morf c �Mat se 7

kin seic�?

DÐnetai h arqik  skakièra. Mat se 137 kin seic. Autì to

prìblhma eÐnai peperasmèno, all� ìqi upologistik� efiktì.
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Ramsey numbers

Prìtash

Se k�je om�da 6 atìmwn

eÐte up�rqoun 3 pou gnwrÐzontai an� duo

eÐte up�rqoun 3 pou eÐnai �gnwstoi an� duo.

1

2 3

6 5

4

Apìdeixh: DokÐmase ìlec tic peript¸seic.

To parap�nw den isqÔei gia k�je om�da 5 atìmwn.

Antipar�deigma: Oi pènte k�jontai se èna kuklikì trapèzi kai o

kajènac gnwrÐzei mìno touc diplanoÔc tou.
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Ramsey numbers

MporoÔme na genikeÔsoume thn prìtash

Je¸rhma

Se kaje sÔnolo 18 atìmwn eÐte up�rqoun 4 pou gnwrÐzontai an� duo

eÐte up�rqoun 4 pou eÐnai �gnwstoi an� duo.

Apìdeixh.

DokÐmase ìlec tic peript¸seic. 'Omwc t¸ra oi peript¸seic eÐnai p�ra

pollèc.

Je¸rhma

Se k�je sÔnolo 49 atìmwn eÐte up�rqoun 5 pou gnwrÐzontai an� duo

eÐte up�rqoun 5 pou eÐnai �gnwstoi an� duo.

Apìdeixh.

H exantlhtik  mèjodoc den mporeÐ na qrhsimopoihjeÐ giatÐ s mera

eÐnai upologistik� anèfikth.
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Majhmatik  epagwg 

'Estw P(n) mia upìjesh pou afor� touc fusikoÔc arijmoÔc. Gia na

apodeÐxoume thn upìjesh me epagwg 

DeÐqnoume ìti isqÔei gia n = 1: P(1)

DeÐqnoume gia k�je n: an isqÔei gia n tìte ja isqÔei gia n + 1:

P(n)⇒ P(n + 1)
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Par�deigma - Hk

O armonikìc arijmìc Hk orÐzetai san

Hk = 1 +
1

2
+

1

3
+ · · · 1

k

Ti megèjouc eÐnai o Hk ?
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Par�deigma - Hk

L mma

Na deiqteÐ ìti gia k�je fusikì n: H2n ≤ 1 + n.

Apìdeixh.

B�sh thc epagwg c: Gia n = 1 èqoume H21 = H2 = 3/2 kai 1 + n = 2
kai epomènwc to l mma isqÔei: 3/2 ≤ 2.
Epagwgik  upìjesh: Upojètoume ìti to l mma isqÔei gia k�poio

fusikì arijmì n: H2n ≤ 1 + n.
Epagwgikì b ma: Ja deÐxoume ìti isqÔei gia n + 1, dhlad  ìti

H2n+1 ≤ 1 + (n + 1).
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Par�deigma - Hk

Apìdeixh (sunèq.)

'Eqoume

H2n+1 = 1 +
1

2
+ · · ·+ 1

2n+1

= (1 +
1

2
+ · · ·+ 1

2n
) + (

1

2n + 1
+ · · ·+ 1

2n+1
)

= H2n + (
1

2n + 1
+ · · ·+ 1

2n+1
)

≤ (1 + n) + (
1

2n
+ · · ·+ 1

2n
)

= (1 + n) + 2n
1

2n
= (1 + n) + 1 = 1 + (n + 1).
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Majhmatik  epagwg  - genikeÔseic

K�poiec koinèc parallagèc thc epagwg c

H basik  perÐptwsh den eÐnai p�nta gia n = 1. Gia par�deigma

gia jewr mata thc morf c �Gia k�je fusikì arijmì n ≥ 4: . . . � h
b�sh eÐnai n = 4.

H epagwgik  upìjesh eÐnai ìti h prìtash isqÔei gia ìlouc touc

mikrìterouc arijmoÔc:

P(1), . . . ,P(n)⇒ P(n + 1)
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Oi arijmoÐ Fibonacci

Oi arijmoÐ Fibonacci orÐzontai wc ex c:

F0 = 1, F1 = 1,

kai gia k�je n ≥ 2:
Fn = Fn−1 + Fn−2.

L mma

Na deiqteÐ ìti gia k�je akèraio n ≥ 0,

Fn ≤ φn,

ìpou φ = 1+
√
5

2 = 1.618 . . . eÐnai h qrus  tom .

Je¸rhma

Gia k�je jetikì akèraio n: 1
2φ

n ≤ Fn ≤ φn.
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Oi arijmoÐ Fibonacci

Je¸rhma

Na deiqteÐ ìti gia k�je akèraiouc n,m ≥ 0, oi arijmoÐ Fibonacci
ikanopoioÔn thn

Fn+m = FnFm + Fn−1Fm−1.

To Je¸rhma autì mac epitrèpei na upologÐsoume èna arijmì Fibonacci
qwrÐc na upologÐsoume ìlouc touc prohgoÔmenouc.

F2k+1 = Fk+1Fk + FkFk−1 = (Fk + Fk−1)Fk + FkFk−1 = F 2
k + 2FkFk−1

F2k = FkFk + Fk−1Fk−1 = F 2
k + F 2

k−1

Par�deigma:

F31 = F 2
15 + 2F15F14

F15 = F 2
7 + 2F7F6

F14 = F 2
7 + F 2

6

F7 = . . .
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Mègistoc Koinìc Diairèthc

gcd(a, b) =

{
a an b = 0

gcd(b, a mod b) an b > 0.

Algìrijmoc tou EukleÐdh

1: function Euclid(a, b) . Upojètoume ìti a ≥ b
2: if b = 0 then
3: return a . gcd(a, 0) = a
4: else
5: δ ← Euclid(b, a mod b) . gcd(a, b) = gcd(b, a mod a)
6: return δ
7: end if
8: end function
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An�lush tou AlgorÐjmou tou EukleÐdh

Pìsa b mata k�nei o algìrijmoc gia na upologÐsei ton mègisto

koinì diairèth duo arijm¸n? Exart�tai apì touc arijmoÔc fusik�,

all� jèloume na èqoume mia ektÐmhsh gia th qeirìterh perÐptwsh.

To Je¸rhma tou Lamé lèei ìti o arijmìc twn diairèsewn,  

isodÔnama oi forèc pou upologÐzoume to a mod b, eÐnai to polÔ 5

forèc o arijmìc twn dekadik¸n yhfÐwn tou b.

Ed¸ ja deÐxoume èna parapl sio apotèlesma.

Je¸rhma

Gia k�je jetikoÔc akèraiouc a, b me a ≥ 2 kai a ≥ b, o arijmìc twn

diairèsewn tou algìrijmou tou EukleÐdh den xepern� to 2 log a.
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IsquropoÐhsh thc epagwgik c upìjeshc

Mia qr simh teqnik  gia na apodeÐxoume mia prìtash me majhmatik 

epagwg  eÐnai na isquropoi soume thn epagwgik  upìjesh.

Par�deigma:

Prìtash

1 + 1
22

+ 1
32

+ · · ·+ 1
n2
≤ 2.

Apìdeixh.

Ac qrhsimopoi soume epagwg  kai ac upojèsoume ìti h prìtash

isqÔei gia k�poio n. Prosjètoume kai sta duo mèlh to 1
(n+1)2

. All�,

t¸ra to dexÐ mèloc eÐnai 2 + 1
(n+1)2

pou den eÐnai mikrìtero tou 2. H

prosèggish aut  apotugq�nei.

EÐnai eÔkolo ìmwc na deÐxoume thn pio isqur  prìtash

1 +
1

22
+

1

32
+ · · ·+ 1

n2
≤ 2− 1

n
.
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Ramsey theory

Je¸rhma (Ramsey)

Gia k�je fusikì k , up�rqei fusikìc Rk tètoioc ¸ste k�je gr�foc me

Rk   perissìterouc kìmbouc perièqei eÐte èna pl rh upogr�fo me k
kìmbouc eÐte èna kenì upogr�fo me k kìmbouc.

An prospaj soume na apodeÐxoume to je¸rhma me epagwg  den ja ta

katafèroume giatÐ h prìtash gia k�poio k den sunep�getai thn

prìtash gia k�poio k + 1.
An ìmwc genikeÔsoume to je¸rhma, tìte mporoÔme na to apodeÐxoume

me epagwg .

Je¸rhma (Ramsey)

Gia k�je jetikoÔc akèraiouc k ,m up�rqei fusikìc Rk,m tètoioc ¸ste

k�je gr�foc me Rk,m   perissìterouc kìmbouc perièqei eÐte èna pl rh

upogr�fo me k kìmbouc eÐte èna kenì upogr�fo me m kìmbouc.
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