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Sqetik� me to m�jhma

To m�jhma pragmateÔetai jèmata majhmatik¸n pou eÐnai

qr sima sthn plhroforik  kai tic thlepikoinwnÐec

Mèsa apì efarmogèc ja prospaj soume na m�joume teqnikèc pou

eÐnai qr simec sthn an�lush kai sqedÐash plhroforik¸n

susthm�twn.

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c 2 NoembrÐou 2011 3 / 25



Sqetik� me to m�jhma

SelÐda tou maj matoc:

http://theory.di.uoa.gr/classes/Math4CS-11f

Apait seic:

Ασκήσεις (30%)

Τελικό διαγώνισμα (80%)

Απαιτείται τουλάχιστον 4 και στις ασκήσεις και στο τελικό

διαγώνισμα.

Antigraf , akìma kai stic ask seic, sunep�getai mhdenismì sthn

t�xh gia to trèqon akadhmaðkì ètoc - gia ìlec tic exetastikèc

periìdouc.

Tic ask seic prèpei na prospajeÐte na tic k�nete mìnoi sac.

Epitrèpetai kai enjarrÔnetai na tic suzht sete me �llouc, ìqi

ìmwc na antigr�yete tic lÔseic. Tic lÔseic prèpei na tic breÐte kai

na tic gr�yete mìnoi sac.
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Sqetik� me to m�jhma

Ta dwre�n suggr�mmata eÐnai

Kenneth H. Rosen. Diakrit� majhmatik� kai efarmogèc touc.

Ekdìseic Tziìla, 2008

Boutsad�khc Gi¸rgoc, KuroÔshc Leutèrhc, MpoÔrac Qr stoc,

Spur�khc PaÔloc. Diakrit� majhmatik� kai efarmogèc touc.

Ekdìseic Gutenberg, 2008

Up�rqoun epÐshc polÔ kal� egqeirÐdia sthn Agglik  gl¸ssa pou

kalÔptoun meg�lo mèroc thc Ôlhc tou maj matoc, ìpwc ta:

Kenneth H. Rosen. Discrete Mathematics and its Applications.

Lazlo Lovasz, Jozsef Pelikan, Katalin Vesztergombi. Discrete
Mathematics.

Eric Lehman and Tom Leighton. Mathematics for Computer Science.
MporeÐte na to breÐte online.
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Upojèseic - Jewr mata

Sta majhmatik� kai stic �llec epist mec k�noume suqn�

upojèseic. 'Otan deÐxoume ìti mia upìjesh eÐnai alhj c, tìte thn

onom�zoume je¸rhma   prìtash.

Ta majhmatik� pou didaskìmaste sto sqoleÐo kai sto

Panepist mio, apoteloÔntai sun jwc apì orismoÔc, jewr mata

kai apodeÐxeic pou mac �serbÐrontai� ètoimec.

H pio endiafèrousa pleur� twn majhmatik¸n eÐnai ìtan

exereunoÔme ta sÔnora thc gn¸shc. EkeÐ prèpei na k�noume

upojèseic kai met� na tic apodeÐxoume   na tic katarrÐyoume.

Upìjesh ←→ Apìdeixh ←→ Je¸rhma

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c 2 NoembrÐou 2011 6 / 25



Upojèseic - Jewr mata

Sta majhmatik� kai stic �llec epist mec k�noume suqn�

upojèseic. 'Otan deÐxoume ìti mia upìjesh eÐnai alhj c, tìte thn

onom�zoume je¸rhma   prìtash.

Ta majhmatik� pou didaskìmaste sto sqoleÐo kai sto

Panepist mio, apoteloÔntai sun jwc apì orismoÔc, jewr mata

kai apodeÐxeic pou mac �serbÐrontai� ètoimec.

H pio endiafèrousa pleur� twn majhmatik¸n eÐnai ìtan

exereunoÔme ta sÔnora thc gn¸shc. EkeÐ prèpei na k�noume

upojèseic kai met� na tic apodeÐxoume   na tic katarrÐyoume.

Upìjesh ←→ Apìdeixh ←→ Je¸rhma

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c 2 NoembrÐou 2011 6 / 25



Upojèseic - Jewr mata

Sta majhmatik� kai stic �llec epist mec k�noume suqn�

upojèseic. 'Otan deÐxoume ìti mia upìjesh eÐnai alhj c, tìte thn

onom�zoume je¸rhma   prìtash.

Ta majhmatik� pou didaskìmaste sto sqoleÐo kai sto

Panepist mio, apoteloÔntai sun jwc apì orismoÔc, jewr mata

kai apodeÐxeic pou mac �serbÐrontai� ètoimec.

H pio endiafèrousa pleur� twn majhmatik¸n eÐnai ìtan

exereunoÔme ta sÔnora thc gn¸shc. EkeÐ prèpei na k�noume

upojèseic kai met� na tic apodeÐxoume   na tic katarrÐyoume.

Upìjesh ←→ Apìdeixh ←→ Je¸rhma

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c 2 NoembrÐou 2011 6 / 25



Upojèseic - Jewr mata

Sta majhmatik� kai stic �llec epist mec k�noume suqn�

upojèseic. 'Otan deÐxoume ìti mia upìjesh eÐnai alhj c, tìte thn

onom�zoume je¸rhma   prìtash.

Ta majhmatik� pou didaskìmaste sto sqoleÐo kai sto

Panepist mio, apoteloÔntai sun jwc apì orismoÔc, jewr mata

kai apodeÐxeic pou mac �serbÐrontai� ètoimec.

H pio endiafèrousa pleur� twn majhmatik¸n eÐnai ìtan

exereunoÔme ta sÔnora thc gn¸shc. EkeÐ prèpei na k�noume

upojèseic kai met� na tic apodeÐxoume   na tic katarrÐyoume.

Upìjesh ←→ Apìdeixh ←→ Je¸rhma

HlÐac Koutsoupi�c (di.UoA.gr) Majhmatik� Plhroforik c 2 NoembrÐou 2011 6 / 25



Upojèseic - EikasÐec

Pollèc forèc, ìtan den mporoÔme na apodeÐxoume mia upìjesh,

thn anajewroÔme.

'Allec forèc, ìtan katafèrnoume na apodeÐxoume mia upìjesh, h

Ðdia h apìdeixh mac bohj�ei na genikeÔsoume thn prìtash.
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H mageÐa thc qrus c tom c

Ac paÐxoume lÐgo me th qrus  tom , ton arijmì φ = 1+
√
5

2 = 1.618 . . .,
gia ton ìpoio isqÔei φ2 = φ+ 1. Ac pollaplasi�soume to φ kai to φ2

touc fusikoÔc arijmouc.

1 · φ = 1.618 . . . 1 · φ2 = 2.618
2 · φ = 3.236 . . . 2 · φ2 = 5.236
3 · φ = 4.854 . . . 3 · φ2 = 7.854
4 · φ = 6.472 . . . 4 · φ2 = 10.472
5 · φ = 8.090 . . . 5 · φ2 = 13.090
6 · φ = 9.708 . . . 6 · φ2 = 15.708
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H mageÐa thc qrus c tom c

ParathreÐste pwc sta akèraia mèrh twn ginomènwn faÐnetai ìti

emfanÐzontai ìloi oi fusikoÐ arijmoÐ 1, 2, 3, . . ..

EÐnai ìmwc al jeia? Gia na apant soume prèpei pr¸ta na

diatup¸soume me saf neia thn upìjesh kai met� na

prospaj soume na thn apodeÐxoume   katarrÐyoume.

Upìjesh: Gia k�je fusikì arijmì n, up�rqei akrib¸c ènac

fusikìc arijmìc k tètoioc ¸ste n = bkφc   n = bkφ2c.
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H mageÐa thc qrus c tom c

Ac dokim�soume na katarrÐyoume thn upìjesh. 'Eqoume eutuq¸c

to kat�llhlo ergaleÐo, ton upologist . Ac p�roume èna meg�lo

�tuqaÐo� n, p.q. n = 1000, kai ac dokim�soume ta k pou eÐnai kont�

sta n/φ kai n/φ2. BrÐskoume ìti h upìjesh isqÔei gia autì to n.

AfoÔ èqoume peisteÐ arket� gia thn al jeia thc upìjeshc ac

prospaj soume na thn apodeÐxoume.
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Apìdeixh

OrÐzoume ta sÔnola A = {bkφc : k = 1, 2, . . .} kai
B = {bkφ2c : k = 1, 2, . . .}.

Gia k�je fusikì n orÐzoume to uposÔnolo An kai Bn na eÐnai ta

stoiqeÐa twn A kai B pou den xepernoÔn to n.

Pìsa stoiqeÐa èqei to An? 'Osa eÐnai oi fusikoÐ k gia ta ìpoiouc

isqÔei

bkφc ≤ n⇔ kφ < n + 1⇔ k <
n + 1

φ
⇔ k ≤

⌊
n + 1

φ

⌋
.

Dhlad , o arijmìc twn stoiqeÐwn tou sÔnolou An eÐnai

|An| =
⌊
n+1
φ

⌋
. Me ton Ðdio trìpo brÐskoume |Bn| =

⌊
n+1
φ2

⌋
.
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Apìdeixh

O arijmìc loipìn twn stoiqeÐwn kai tou An kai tou Bn eÐnai⌊
n + 1

φ

⌋
+

⌊
n + 1

φ2

⌋
.

Me lÐgh skèyh katal goume ìti h arqik  upìjesh isqÔei an kai

mìno an autìc o arijmìc eÐnai Ðsoc me n, dhlad :⌊
n + 1

φ

⌋
+

⌊
n + 1

φ2

⌋
= n.
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Apìdeixh

ParathroÔme ìti to φ èqei thn idiìthta

n + 1

φ
+

n + 1

φ2
= n + 1.

Oi duo arijmoÐ n+1
φ kai n+1

φ2 èqoun �jroisma n + 1 kai den eÐnai

akèraioi. 'Ara ta akèraia mèrh touc èqoun �jroisma n.
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GenÐkeush

Poia idiìthta tou φ kai tou φ2 qrhsimopoi same sthn parap�nw

apìdeixh?

Mìno ìti
1

φ
+

1

φ2
= 1

kai ìti eÐnai �rrhtoi.

H Ðdia loipìn apìdeixh mporeÐ na qrhsimopoihjeÐ gia na deÐxoume

to pio genikì je¸rhma:

Je¸rhma

'Estw duo opoioid pote �rrhtoi λ kai µ pou ikanopoioÔn 1
λ + 1

µ = 1. Gia
k�je fusikì arijmì n, up�rqei akrib¸c ènac fusikìc arijmìc k tètoioc

¸ste n = bkλc   n = bkµc.
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Upìjesh - Kat�rriyh

Ac parathr soume touc arijmouc thc morf c n2 − n + 41 gia

n = 1, 2, . . .:
41, 43, 47, 53, 61, . . . .

'Oloi autoÐ oi arijmoÐ eÐnai pr¸toi.

Upìjesh: Gia k�je fusikì arijmì n, o arijmìc n2 − n + 41 eÐnai

pr¸toc.

Dokim�zontac pollèc timèc gia to n diapist¸noume ìti h upìjesh

den isqÔei. IsqÔei gia n = 1, 2, . . . , 40, �lla gia n = 41 blèpoume

ìti to 412 − 41 + 41 diaireÐtai profan¸c apì to 41.
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EikasÐec

Mia upìjesh pou den mporoÔme na thn katarrÐyoume   na thn

apodeÐxoume thn apokaloÔme eikasÐa.

Oi eikasÐec eÐnai h kinht ria dÔnamh twn majhmatik¸n.

Prospaj¸ntac na apodeÐxoume eikasÐec anagkazìmaste na

analuyoume nèec jewrÐec kai teqnikèc.
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To Je¸rhma tou Ferm�

To Je¸rhma tou Fermat eÐnai Ðswc h pio gn¸sth eikasÐa: H

exÐswsh xn + yn = zn den èqei lÔsh gia mh mhdenikoÔc akèraiouc x ,
y , kai z kai gia akèraio n > 2.

Prot�jhke apì ton Pierre Fermat ton 17o ai¸na kai apodeÐqthke

apì ton Andrew Wiles to 1995.
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H eikasÐa tou Goldbach

To 1742 o Christian Goldbach diatÔpwse thn ex c upìjesh: K�je

�rtioc arijmìc megalÔteroc tou 2 mporeÐ na grafteÐ san

�jroisma 2 pr¸twn arijm¸n. P.q. 4 = 2 + 2, 6 = 3 + 3, 8 = 3 + 5.

H eikasÐa den èqei apodeiqteÐ oÔte katarrifjeÐ.

'Eqei epibebaiwjeÐ me th bo jeia upologist  gia ìla touc

arijmouc mèqri 1014.

ProteÐnw jerm� to ìmorfo mujistìrhma tou Apìstolou Doxi�dh

�O jeÐoc Pètroc kai h eikasÐa tou Gkìlntmpaq�.
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To Je¸rhma twn 4 qrwm�twn

K�je q�rthc mporeÐ na qrwmatisteÐ me tèssera qr¸mata ètsi

¸ste geitonikèc q¸rec na èqoun diaforetik� qr¸mata.

H upìjesh aut  prot�jhke prin apì 130 qrìnia

ApodeÐqthke telik� to 1976 apì touc Kenneth Appel kai Wolfgang
Haken. H apìdeixh basÐzetai ston èlegqo 1936 peript¸sewn kai h

k�je perÐptwsh apaiteÐ ton èlegqo poll¸n logik¸n sunduasm¸n.

Mìno me th bo jeia upologist  mporoÔn na elegqjoÔn ìlec oi

peript¸seic.

Paramènei anoiktì an up�rqei sÔntomh apìdeixh, pou den apaiteÐ

ter�stia upologistik  ikanìthta.
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H eikasÐa tou 3x + 1

P�re èna fusikì arijmì x . An eÐnai �rtioc diaÐrese ton me to 2,

alli¸c upolìgise to 3x + 1. Epanèlabe me to apotèlesma mèqri

na prokÔyei to 1.

7→ 22→ 11→ 34→ 17→ 52→ 26→ 13→ 40→ 20→ 10→
5→ 16→ 8→ 4→ 2→ 1

EikasÐa: An xekin soume apì opoiod pote fusikì arijmì x ja

ft�soume p�nta sto 1.

Prot�jhke apì di�forouc, gi autì kai lègetai epÐshc to prìblhma

tou Collatz, to prìblhma tou Ulam, o algìrijmoc tou Hasse, klp.

Paramènei anoiktì.
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H eikasÐa tou Riemann

H sun�rthsh ζ tou Riemann orÐzetai wc ex c:

ζ(x) =
1

1x
+

1

2x
+

1

3x
+ . . .

Gia x > 1 to �jroisma sugklÐnei. H sun�rthsh mporeÐ na

epektajeÐ kai stouc migadikoÔc arijmoÔc.

H eikasÐa tou Riemann lèei ìti oi mìnec mh tetrimmènec rÐzec thc ζ
sun�rthshc, dhlad  oi timèc tou x pou ikanopoioÔn ζ(x) = 0, eÐnai
migadikoÐ arijmoÐ me pragmatikì mèroc Ðso me 1/2.

H eikasÐa prot�jhke apì ton Riemann prin apì 150 qrìnia

perÐpou kai den èqei akìma apodeiqteÐ oÔte katarrifjeÐ.
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H eikasÐa tou Riemann

H eikasÐa tou Riemann sqetÐzetai �mesa me thn puknìthta twn

pr¸twn arijm¸n.

Pìsoi pr¸toi arijmoÐ eÐnai mikrìteroi apì 1000? Apì n? Ac
orÐsoume autìn ton arijmì wc π(n). Pìso meg�lo eÐnai to π(n)?

'Eqei apodeiqteÐ ìti to π(n) eÐnai perÐpou n/ ln n.

Pìso kont� sto n/ ln n eÐnai? H eikasÐa tou Riemann eÐnai

isodÔnamh me thn prìtash ìti to π(n) kai to n/ ln n diafèroun

kat� to polÔ
√
n ln n.
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P=NP

H pio shmantik  eikasÐa sthn plhroforik  kai mia apì tic

shmantikìterec eikasÐec genikìtera eÐnai h eikasÐa P6=NP.

H eikasÐa lèei ìti up�rqoun probl mata pou lÔnontai apì mh

nteterministikèc mhqanèc Turing se poluwnumikì qrìno all�

apaitoÔn perissìtero apì poluwnumikì qrìno se nteterministikèc

mhqanèc.

Me pio apl� lìgia, h eikasÐa lèei ìti up�rqoun probl mata gia

ta opoÐa eÐnai arket� pio dÔskolo na broÔme th lÔsh touc apì to

na epibebai¸soume thn orjìtht� thc.
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SATISFIABILITY

To prìblhma thc ikanopoihsimìthtac apl¸n logik¸n prot�sewn

eÐnai gnwstì san SATISFIABILITY. S' autì to algorijmikì

prìblhma, dÐnetai mia logik  prìtash, gia par�deigma,

(x1∨x2∨x3)∧(x1∨x2∨x3)∧(x1∨x2∨x3)∧(x1∨x2∨x3)∧(x1∨x2∨x3),

kai jèloume na broÔme an up�rqoun timèc twn metablht¸n pou

k�noun thn prìtash alhj .

Profan¸c, an k�poioc mac upodeÐxei kat�llhlec timèc mporoÔme

eÔkola na epibebai¸soume an oi timèc autèc èqoun thn epijumht 

idiìthta. All� qwrÐc k�poia tètoia upìdeixh, pìso dÔskolo eÐnai

na elègxoume an up�rqoun tètoiec timèc?

H eikasÐa P=NP lèei ìti qwrÐc upìdeixh, to prìblhma eÐnai

dÔskolo, kai pio sugkekrimèna, ìti den mporeÐ na lujeÐ p�nta se

qrìno poluwnumikì wc proc to m koc thc prìtashc.
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Efarmogèc?

An kai tètoia jèmata faÐnontai na mhn èqoun efarmogèc, pollèc

forèc h an�ptuxh thc teqnologÐac metafèrei tètoia �jewrhtik��

jèmata sto pedÐo twn efarmog¸n.

Gia par�deigma, h eikasÐa tou Riemann èqei �mesh sqèsh me thn

kruptografÐa.
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